Integrable geodesic flows of Riemannian and sub-Riemannian metrics on Lie groups and homogeneous spaces by Alexey Bolsinov (1258812)
Integrable geodesic flows of Riemannian and
sub-Riemannian metrics on Lie groups and homogeneous spaces
Alexey Bolsinov
Loughborough University
Thematic day on Riemannian and sub-Riemannian geometry
on Lie groups and homogeneous spaces
IHP, Paris, France, November 13–14, 2014
Hamiltonian systems and Integrability
Hamiltonian systems:
(M2n, ω) symplectic manifold,
H : M → R smooth function (Hamiltonian)
Hamiltonian equations:
dx
dt
= XH(x) = ω
−1(dH(x)) or, in coordinates:

dqi
dt
=
∂H
∂pi
dpi
dt
= −∂H
∂qi
Complete integrability: There exist F1, . . . ,Fn which
I are first integrals (i.e., preserved by the flow),
I pairwise commute {Fi ,Fj} = 0,
I are functionally independent.
In our case:
M2n = T ∗X with the canonical symplectic form dp ∧ dq,
(X , g) is a Riemannian manifold and
H(p, x) = 1
2
g−1(p, p) = 1
2
∑
g ij(x)pipj .
Liouville-Mineur-Arnold theorem
Theorem
Let L = {F1 = c1, . . . ,Fn = cn} be regular, compact and connected. Then X is
an n-dimensional torus and the dynamics on this torus is quasi-periodic.
Non-commutative integrability (Super-integrability)
For a Hamiltonian system (e.g. geodesic flow) consider the set F of the first
integrals.
Observation: F is a Poisson algebra.
In the classical situation F is commutative and is “generated” by n
independent functions.
What happens if F is not commutative? How many non-commuting integrals
do we need for integrability?
Definition
Let U be a subspace of a symplectic space (V , { , })). We say that U is
coisotropic if {ξ,U} = 0 implies ξ ∈ U.
A Poisson subalgebra F ⊂ C∞(M) is called complete if at a generic point
x ∈ M, the subspace
dF(x) = span (df (x), f ∈ F) ⊂ T ∗M
is coisotropic.
Theorem (Mischenko, Fomenko 1978)
Assume that a Hamiltonian system admits a complete (non-commutative)
algebra F of first integrals. Then a generic integral surface L is a torus of
dimension dimM − ddimF and the dynamics on this torus is quasi-periodic.
How to construct a complete commutative subalgebra?
Or non-commutative commutative subalgebra with a non-trivial centre?
No general methods...
Open problem Given a symplectic manifold M, does there exist a complete
commutative subalgebra F ⊂ C∞(M)?
Similarly for Poisson manifolds.
In the case of geodesic flows the problem is even harder: we need to construct
a subalgebra F ⊂ C∞(T ∗M) that contains a Hamiltonian of a special form
H(x , p) = 1
2
∑
g ij(x)pipj .
Nevertheless, if we deal with Lie groups or homogeneous spaces we have a
chance to use algebraic tools.
Two theorems by Sophus Lie
Let F ⊂ C∞(M) be an arbitrary Poisson subalgebra and x ∈ M a generic point.
Theorem
There exists functions x1, . . . , xk , p1, . . . , pk , pk+1, . . . , pm ∈ F ,
2k + m = ddimF such that
{xi , pj} = δij , i , j = 1, . . . , k, k + m = ddimF
and all others = 0.
For a Poisson algebra F , define the dual Poisson algebra F˜ as
F˜ = {f ∈ C∞(M) | {f ,F} = 0}
Theorem (local!)
There exists local canonical coordinate system (xi , pi ), such that
x1, . . . , xk , p1, . . . , pk , pk+1, . . . , pm ∈ F ,
and
pk+1, . . . , pm, xm+1, . . . , xn, pm+1, . . . , pn ∈ F˜ ,
k + m = ddimF , 2n − k −m = ddimF .
Important idea: we may think of F as the algebra of functions on a new
Poisson manifold (perhaps singular).
Corollaries
Corollary
F ∩ F˜ is the centre of F and also the centre of F˜ . The algebra F + F˜ is
complete.
Corollary
Let H ∈ F ∩ F˜ . Then F + F˜ consists of the first integrals of the Hamiltonian
system
dx
dt
= XH and, therefore, this system is completely integrable in
non-commutative sense.
Corollary
Let A ⊂ F be a complete commutative subalgebra of F . If H ∈ A then the
Poisson algebra A+ F˜ consists of first integrals of of the Hamiltonian system
dx
dt
= XH , this Lie algebra is complete and therefore this system is completely
integrable in non-commutative sense.
Corollary
Let A ⊂ F and B ⊂ F˜ be complete commutative subalgebras in F and F
respectively. Then A+ B is a complete commutative subalgebra in C∞(M)
and every Hamiltonian system
dx
dt
= XH with H ∈ A+ B is completely
integrable in commutative sense.
Hamiltonian actions and dual Poisson algebras F and F˜
Let a compact Lie group G act on M. This action induces a Hamiltonian action
on T ∗M which leads to two natural subalgebras F and F˜ dual to each other.
I F is the algebra that consists of (generated by) linear functions of the
form Hξ(p, x) = 〈ξ(x), p〉 (Noether integrals).
I F˜ is the algebra of G -invariant functions.
To get an integrable system we need a function H ∈ F ∩ F˜ .
Proposition
Let f (x1, . . . , xn) : g
∗ → R be a Casimir function and x1, . . . , xn are coordinates
on g∗ dual to a basis ξ1, . . . , ξn ∈ g, then F = f (Hξ1 , . . . ,Hξn ) : T ∗M → R
belongs to the centre of F .
If G -invariant functions separate generic G -orbits, then we have
Theorem
The Hamiltonian system on T ∗M with the above Hamiltonian F is completely
integrable in non-commutative sense. In particular, If M = G/H is a
homogeneous space of a compact Lie group endowed with a normal
Riemannian metric g , then the geodesic flow on G/H is integrable in
non-commutative sense.
Proof. Let ξ1, . . . , ξn ∈ g be an orthonormal basis of g, then the Hamiltonian of
the normal metric can be written as F =
∑
H2ξi , but
∑
ξ2i is obviously a
Casimir.
Geometric meaning of F and F˜
Principle: every Poisson subalgebra of C∞G can be understood as the algebra
of functions on some new Poisson manifold (perhaps singular)
Example
Let G act on T ∗G (by left translations). Then both F and F˜ are isomorphic
to g∗ endowed with the standard Lie-Poisson bracket:
{f , g}(x) = 〈x , [df (x), dg(x)]〉, x ∈ g∗, f , g : g∗ → R.
Example
Let G act naturally on T ∗(G/H). Consider the corresponding Lie algebras
h ⊂ g and the subspace V = h⊥ ⊂ g∗, equivalently V = (g/h)∗ ' T ∗e.H(G/H).
Consider the Poisson subvariety XV ⊂ g∗ obtained from V by Ad ∗-action of G :
XV = {x ∈ g∗ | x = Ad ∗gv , v ∈ V , g ∈ G} = Orb (V ).
F is the space of functions on XV .
The subgroup H naturally acts on V . Consider the orbit space V /H of the
natural action of H on V = (g/h)∗. This space possesses a natural Poisson
structure:
{f , g}(v) = 〈v , [df (v), dg(v)]〉, v ∈ V ⊂ g∗, df (v), dg(v) ∈ g/h.
F˜ is the space of functions on V /H.
Algebraic reformulation
Problems:
I How to construct a complete commutative subalgebra in A ⊂ P(g∗)? This
subalgebra should contain sufficiently “many” quadratic polynomials. How
to describe such polynomials explicitly?
I How to construct a complete commutative subalgebra in P(XV )? This
subalgebra should contain sufficiently “many” quadratic polynomials. How
to describe such polynomials explicitly? Natural idea is to take the
restriction A|XV , where A ⊂ P(g∗) is complete and commutative. It
remains commutative, but what about completeness?
I How to construct a complete commutative subalgebra in B ⊂ P(V )H (i.e.
on V /H)? How to describe quadratic polynomials in B?
Complete commutative subalgebras in F
Theorem
1. (S. Sadetov, 2004) For every finite dimensional Lie algebra g there exists a
complete commutative subalgebra A ⊂ P(g∗).
2. (E. Vinberg, O. Yakimova, 200?) For every finite dimensional (algebraic)
Lie algebra g and every subalgebra h ⊂ g there exists a complete
commutative subalgebra AV ⊂ P(XV ).
Theorem (Argument shift mathod)
1. (A. Mischenko, A. Fomenko, 1978) Let g be a semisimple, g ' g∗ and
a ∈ g∗ be a regular (semisimple) element. Then the functions
f (x + λa), f ∈ P(g)G , λ ∈ R
generate a complete commutative subalgebra Fa ⊂ P(g). The quadratic
functions H ∈ Fa are of the form H(x) = 〈φa,b,Dx , x〉, where
φa,b,D(x) = ad
−1
a ad b(x1) + Dx2, x = x1 + x2, x2 ∈ ka, x2 ∈ k⊥a , b ∈ ka.
2. (AB, 1988) The restriction of Fa onto XV is complete (for a suitable a).
Semisimple Lie algebras: another method
Manakov’s method:
Consider so(n) as a subalgebra of gl(n). Then gl(n) naturally splits as
so(n) + Sym. Then the functions
Tr (X + λA)k , X ∈ so(n), A ∈ Sym
form a commutative family on so(n) ' so(n)∗ and this family is complete if A
is regular (i.e. with simple spectrum).
The corresponding quadratic function are of the form H(x) = 〈ad−1A ad BX ,X 〉
where B is a matrix that commutes with A.
Important remark. This construction can be naturally generalised to the pairs
h ⊂ g (like so(n) ⊂ gl(n)) where h is the so called normal subalgebra of g
Important remark.
In particular, if B = diag(b1Ik1 , b2Ik2 , . . . , bmIkm ). Then H(X ), as a quadratic
form, has a non-trivial kernel ⊕jso(kj). This means that the corresponding
quadratic function on T ∗(SO(n)) defines a sub-Riamannian metric (the
corresponding distribution is totally non-integrable).
Similar statement holds true for the Mischenko-Fomenko argument shift
method.
Complete commutative subalgebras B ⊂ F˜
Much more difficult... No general results... Below we assume that G is
compact. Conjecture: F˜ always admits a complete commutative subalgebra B.
I G/H is a symmetric space (Thimm, Mischenko). Then F˜ = p(V )H is
commutative!
I If F˜ = P(V )H is commutative, then G/H is called weakly symmetric (or a
spherical pair).
The classification is obtained by Kramer (1979), Mikituyk (1986).
I The number k = 1
2
(ddim F˜ − dind F˜) measures “non-commutativity” of F˜
and can be considered as a complexity of G/H. If k = 1 then G/H is
called an almost spherical pair and a complete commutative subalgebra
B ⊂ F˜ can be easily found (Thimm, Paternain and Spatzier, Mikituyk and
Stepin)
I Flag manifolds G/H (with H being a maximal torus). A complete
commutaive family in F˜ can be constructed by the argument shift method
(Bordemann)
I G/H adjoint orbit (not necessarily regular) and G is one of the classical
simple groups SO(n), SU(n), Sp(n) (Jovanovic, AB)
I SO(n)/SO(k1)× · · · × SO(km), Mikituyk.
I . . .
Four types of “integrable” metrics
I Normal (bi-invariant) metrics: the Hamiltonian h belongs to F ⊂ F˜ , i.e.,
the metric on G/H is induced by an Ad -invariant form on g.
I Submersion metrics (“right invariant”): h ∈ F
(for integrability: h ∈ A ⊂ F)
I G -invariant metrics (“left invariant”): h ∈ F˜
(for integrability: h ∈ B ⊂ F˜)
I With no usual symmetries: h = h1 + h2, where h ∈ A ⊂ F , h2 ∈ B ⊂ F˜ .
